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Abstract—Electrostatic septa extract/inject heavy ions from/into 

the ring accelerator. The anode of a septum consists of Tungsten-

Rhenium wires whereas the cathode is made from Aluminum 

slightly covered with Al2O3. Ions hitting the cathode accidentally 

desorb material increasing the local pressure in the septum. At 

low beam energy this causes problems during beam injection. 

In principle the problem can be solved by decreasing the cathode 

surface by using wires like at the anode. However, due to high 

electric field strength at the cathode wires’ surface field emission 

could occur reducing the breakdown voltage between electrodes. 

 

The paper gives results of theoretical investigations of the field 

emission current that could appear in a 2××××1.500-wire 200-kV 

electrostatic septum with 20-mm gap and electrode length of 2 m. 

Wire-array electrodes with 20-µm and 100-µm diameter wires 

with smooth surface are considered. 

Keywords – septum, heavy ion accelerator, particle accelerator, 

field emission, wire array, electric field, beam injection. 

I.  INTRODUCTION 

Heavy-ion ring accelerators at GSI Helmholtzzentrum für 
Schwerionenforschung GmbH Darmstadt require electrostatic 
septa for smooth extraction/injection of heavy-ion beams 
from/into the main beamline. Fig. 1 shows the set-up of an 
electrostatic septum. The beam enters a hollow anode being 
flushed with an anode wire-array already partially intersected 
by the beam. The penetration can be steered by clearing elec-
trodes inside the anode. The polished 100-µm W-Rh wires 
have a distance of 2 mm each. The wire array is in opposite to 
an eloxadized bulk Al-cathode at a distance of 20 mm. Length 
of cathode and anode is 1.5 m, voltage between the electrodes 
is 160 kV DC. The device is located in a vessel evacuated to 
10

-12
 mbar. 

During extraction/injection some ions hit the surface of the 
cathode what leads to desorption of ionized residual gas thus 
reducing the breakdown voltage and increasing the local pres-
sure. At low beam energy this causes problems during beam 
injection.  

 
FIG. 1: SEPTUM IN ACCELERATOR SIS-18 

(m-b: MAIN BEAM, s-b: EXTRACTED/INJECTED BEAM). 

The probability of this event is reduced if the bulk cathode 
is replaced by a wire-array cathode, in principle, reducing the 
cathode surface exposed to the ions. Since the voltage gradient 
at the surface of the wires is high compared to the voltage gra-
dient at the surface of the bulk cathode an increase of dark cur-
rent due to field emission (FE) is expected: The higher the dark 
current the lower the breakdown voltage. 

For planned SIS-100 accelerator full-wire-array electrodes 
are under consideration [1]:  

• electrode voltage 200 kV, electrode distance 20 to 
30 mm,  electrode length 2000 mm 

• polished and conditioned W-Rh-wires, <2 mm dis-

tance, diameter ≥20 µm 

Under these conditions FE cannot be excluded a priori. 
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II. THEORETICAL MODEL 

A. Assumptions 

To calculate electric field strength and FE-current density 
the full-wire-array septum shall be represented by two arrays of 
wires with infinite length of the wires. See Fig. 2 showing cross 
sectional area at z=0 m. 

 Each wire-array of width 2000 mm consists of 1500 wires. 
Gap between the wire-arrays is 20 mm. Rest of data can be 
seen from Fig. 2 in accordance to data given in chapter I. 

Due to RAM-storage restrictions during numerical calcula-

tion an arrangement of 2×750 wires at electrode width of 
1000 mm is considered. However, due to the fact that the width 
of the arrangement is much larger than the gap between the 
electrodes this does not noticeably influence the result. The 
figures shown herein are related to the original design. 

B. Calculus of potential distribution and of electric field 

1) Potential distribution 

In general line electrodes with center point at position ρ
v

 

have an electric potential at position r
v

 given by 

j@r”D = A Log‰ °°r”- r••+B
 (1) 

A and B are constants to be defined. Superposing the poten-
tials of n=1500 line electrodes per wire-array electrode gives 

the resulting potential at location r
v

 

fHr”L =‚
i=1

2 n

jiHr”L =‚
i=1

2 n

Ai Log‰ °°r”- ri••+Bi

 

(2) 

Fig. 3 emphasizes the symmetry of the arrangement. The 
positions of four wires are symmetrical with respect to x- and 
y-axis: 

ri, j =
H-1Li xi
H-1L j a

2  

(3) 

The potential at r
v

depends on the y-position of the wires: 

ji, j =

+U

2
y = +a

2

-U

2
y = - a

2  

(4) 

The overall potential generated by such wires is  

The overall potential generated by all line electrodes is: 

 

The formulas used so far hold for infinitely thin electrodes 

respectively if the field in a distance larger than 5 times the 

radius of a wire shall be considered. Here the electric field has 

to be calculated directly at the surface of the wires. 

Moreover in reality the electrodes have a finite cross sec-
tion rather than an infinitely small. For accurate calculation 
electrodes with finite cross section must be replaced by an infi-
nite number of mirror line charges or calculation has to be ac-
complished with conformal mapping method (e.g. [2]). Both 
methods are not adequate to solve this task.  

Another way proven by the final result is the replacement 
of each wire e.g. by four line charges as shown in Fig. 4 
(Charge Simulation Method). Each line charge has its own 

source intensity Ai,j, j=1(1)4, the distance η to the center point 

fi
H4L@r”D = Ai Log‰

Hx - xiL2 +Ky - a
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O2

Hx +xiL2 +Ky - a

2
O2

Hx +xiL2 +Ky + a

2
O2

(5) 

f@r”D =‚
i=1

nê2
fi
H4L@r”D =

‚
i=1

nê2
Ai Log‰

Hx - xiL2 +Ky - a

2
O2

Hx - xiL2 +Ky + a

2
O2

Hx +xiL2 +Ky - a

2
O2

Hx +xiL2 +Ky + a

2
O2

 

(6) 
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FIG. 2: DATA OF WIRE-ARRAY CONFIGURATION. 
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FIG. 3: SYMMETRY OF THE ARRANGEMENT. 

 

FIG. 4: REPLACEMENT OF WIRE BY FOUR LINE CHARGES. 



is chosen as 10% of the wire radius R, the radial angle between 
two line charges is 90°. In (6) the summand then has to be re-
placed by four summands given in (7) 

f@r”D =‚
i=1

nê2
‚
k=1

4

Ai,k Log‰

Hx - Hxi +hCos@k 90 °DLL2 +K y - Ka
2
+hSin@k 90 °DOO2

Hx - Hxi +hCos@k 90 °DLL2 +K y +Ka
2
+hSin@k 90 °DOO2

Hx + Hxi +hCos@k 90 °DLL2 +K y - Ka
2
+hSin@k 90 °DOO2

Hx + Hxi +hCos@k 90 °DLL2 +K y +Ka
2
+hSin@k 90 °DOO2

(7) 

The potential on the surfaces e.g. of the wires located at the 
right top quarter in Fig. 3 is then given by 

fBxi +R Cos@k DbD, a
2
+R Sin@k DbDF = +

U

2  
(8) 

where according to Fig. 4 ∆β=90°. 

Applying (7) and (8) gives 2⋅n equations with 2⋅n un-
knowns Ai,k. Solving the equation system with Mathematica

®
, 

applying the result to (7) and making respective control plots 
leads to Figs 5 and 6. Fig. 5 shows the reasonable course of the 
potential level curves together with the electric stream lines at 
the upper right corner of the electrode configuration. Fig. 6 
shows the potential level curves at the wire at the right upper 
edge proving that the potential at the wire’s surface is +100 kV 
as required. Here the diameter of the wire is 100 µm. Although 
from a mathematical point of view this result is an approxima-
tion with unknown error: from a technical point of view (proof 
by appearance) it can be considered as sufficiently exact. 

2) Electric field strength 
Electrical field is defined as the gradient of the potential: 

E Hx, yL = -

∑f

∑x
∑f

∑y  

(9) 

a) Electric field strength on wire surface 

By comparison it is shown that the electric field is highest 
at the wires at the corners of the wire-array electrodes repre-
sented here by the upper right wire. The norm of the electric 
field on the surface of the upper right wire is calculated with 

with length l of each of the wire-array electrodes and angle α 
taken around the center point of the wire (see Fig. 4). 

Fig. 7 shows the result for 20-µm wire-array electrodes. The 
electric field strength at the surface of the wire at the upper 
right edge is about 580 kV/mm. 

b) Electric field strength between electrodes 

Fig. 8 shows the plot of the resulting strength of the electric 
field between the wire-array electrodes (y=0 m) as function of 
x. For x<0.9 m the field has a value of 9.4 kV/mm. For x>1 m it 
becomes smaller than 6 kV/mm and approaches Zero for 
x>1.2 m. Between plane bulk electrodes the electric field 
strength would have a value of 10 kV/mm. The 6%-reduction 
from 10 kV/mm to 9.4 kV/mm is due to the steeper voltage 
drop nearby the wires.  

C. Calculus of FE current density 

FE-current density is calculated with a modified Fowler-
Nordheim equation given by [3] 

jHEL = �

F
E2 Exp -� F3ê2 v@ED

E  
(11) 

EurHaL = E
l

2
+R CosHaL, a

2
+R SinHaL

 
(10) 

 
FIG. 5: POTENTIAL LEVEL CURVES AND ELECTRIC STREAMLINES 

AT THE RIGHT EDGE OF WIRE-ARRAYS. 
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FIG. 6: POTENTIAL LEVEL CURVES NEARBY THE SURFACE OF 

THE UPPER RIGHT EDGE WIRE (∅WIRE=100 µm). 



where 

and 

vHEL = 1+ f HEL Log‰H f HELL
6

- 1

 
(13) 

with 

f @ED = 1.439964
eV2 nm

V

E

F2
 

(14) 

and, for Tungsten [4] 

F = 4.54 eV  (15) 

Applying (11) to (15) gives the result shown in Fig. 9 relat-
ed to Fig. 7. In Fig. 9 the FE-current density is shown as polar 

plot. At an angle of α=-9.9° (see Fig. 4) the amount of the FE-

current density is highest with 30.4⋅10
-37

 A/m
2
.  

III. CONCLUSION 

Although the diameter of the wires is 20 µm only the FE-
current density on the surface keeps smaller than 

30.4⋅10
-37

 A/m
2
. Since the circumference of each wire is 

62.5 µm and since the electric field strength and hence the cur-
rent density is already highest at the upper right wire the over-
all dark current for the whole 1500-wire-array cathode is 

smaller than 0.6⋅10
-30

 A per meter wire length. This current has 
neglectable impact on the breakdown voltage. 
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FIG. 7: ELECTRIC FIELD STRENGTH AT THE SURFACE OF THE 

UPPER RIGHT EDGE WIRE (∅WIRE=20 µm). 

 

FIG. 8: ELECTRIC FIELD STRENGTH BETWEEN WIRE-ARRAY 

ELECTRODES AT Y=0 M. (∅WIRE=20 µm). 

 

Fig. 9: FE-CURRENT DENSITY AT THE SURFACE OF THE UPPER 

RIGHT EDGE WIRE (∅WIRE=20 µm). 
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